I. INTRODUCTION
Magnesium aluminate spinel (MgAl 2 O 4 ) is one of many crystalline oxide compounds upon which radiation damage experiments have been performed and which has been the subject of recent cascade simulation studies [1] [2] [3] . The motivation for this is due, at least in part, to the need to derive new materials with enhanced radiation resistance. Experimental work on spinel, carried out over a number of years, has shown that under neutron bombardment, a large number of cation anti-site defects 4 are produced and that in addition stable point defects, preceding either amorphisation or a transformation to a rocksalt structure, could be formed under high dose inert gas ion bombardment [5] [6] [7] . Classical molecular dynamics simulations that examined the ballistic phase of the cascade 1,2 also concluded that the predominant defects remaining after this phase were cation anti-site defects but that split Mg and O interstitial defects could occur orientated in <110> directions. In addition, split Mg-Al interstitials formed, centred on an Mg site and also a three atom-three vacancy Al 'ring' defect. Isolated vacancies or vacancy clusters were also observed. Isolated aluminium interstitial defects were not observed and when following the defect evolution over longer times the split Mg-Al interstitials decayed to a split Mg-Mg interstitial and an Al antisite defect. Larger defects involving Al interstitials were also rare. These results derived using empirical potentials, while in agreement with the available experimental evidence, do not necessarily give the most accurate model of the defect energetics. It is therefore of interest to investigate point defects in magnesium aluminate spinel using density functional theory (DFT).
Unlike the classical empirical potential simulations, only a limited amount of work has previously been carried out on spinel using a first principles approach. Much previous ab-initio work has focussed on cation disordering and inversion within the structure. Work by Warren et al. 8 compared ab-initio results computed using both the local density approximation (LDA) and the generalised gradient approximation (GGA) with a Monte Carlo simulation. Their work involved exchanging varying numbers of magnesium and aluminium atoms within the system and computing the energy differences between each simulation. Using results of simulations of systems containing varying degrees of disorder within spinel, Ball et al. 9 studied the effects of this on the computed lattice constant. In addition, they also concluded, through comparisons between DFT and pair potential computations, that LDA represents the experimental behaviour better than GGA. DFT calculations were also carried out by Moriwake et al. 10 in an investigation of aluminium vacancies. These authors conclude that the formation energy of an aluminium vacancy can be as large as 13 eV.
In previous work 11 , we studied defects and transition barriers in magnesium oxide from a first principles perspective and compared our results with calculations using empirical potentials. These results showed fairly good agreement between the formation energies of the Schottky defects, the defect geometries and the transition barriers of isolated defects but there were some differences with the di-interstials. Here, a similar analysis has been carried out on MgAl 2 O 4 but this time concentrating on geometries and formation energies of defects rather than transition energy barriers. We utilise a DFT framework to compute the structures and energetics of the defects observed in collision cascades together with possible alternative structures. In addition, instead of considering isolated vacancies alone, as in the study by Moriwake et al. 10 , we investigate the energetics of small cluster defect structures and defect reactions. For the empirical potentials a model both with shells and without shells is considered. The shell model is generally thought to be more accurate while the model without shells is usually employed in dynamical cascade simulations.
II. METHODOLOGY
This study of the energetics and relaxed structures of defects within spinel has been carried out using PLATO 12 , a DFT code 13, 14 , with the exchange-correlation being described using the LDA 15 . Pseudopotentials for magnesium, oxygen and aluminium have been taken from the work of Hartwigsen, Goedecker and Hutter 16 and basis sets were created using localised, numerical orbitals. A semicore basis set was used for magnesium, with s, p orbitals taken from the neutral atom and s, p and d orbitals taken from taken from the doubly positively charged atom. A non-semicore basis set was used for aluminium and oxygen using the same approach. Using a suitable k-point mesh, and performing numerical integrals over an atom-centred grid, our basis set estimated the lattice constant and bulk modulus of spinel to be 8.016Å and 2.01 Mbar respectively. These values are in good agreement with previously reported experimental values of 8.089Å and 1.96 Mbar. It is noted that Gupta et al. 17 computed a lattice constant of 8.083Å using DFT with LDA. We found that, upon relaxation of a perfect system, our estimate of the u parameter (which is a measure of the oxygen dilation) was 0.389 (only 0.001 larger than the reported experimental value for MgAl 2 O 4 ). Supercells were created using the methodology described in our previous work 11 similar to that implemented in the computation tool CRYSTAL 18 . The methodology is utilised in order to maximise the separation distance between the defect and its periodic repeats, whilst minimising the number of atoms in the supercell. Supercells were created which contained 56, 112, 168 and 224 lattice sites through a repeat of the 14 atom primitive cell 19 . Keeping the number of lattice sites in the supercell fixed, it was possible to obtain the most efficient shape of supercell for each cell size and defect configuration.
Previous empirical potential simulations used a fixed charge model with the charge of +2 on a magnesium atoms, -2 on oxygen and +3 on aluminium. In our DFT calculations, we have added and removed electrons to the defective supercells in order to replicate charged defects. Tests were performed to ensure that the charged defects provided the lowest energy configurations. The isolated anti-sites were considered with varying charges, and it was found that when removing 2 electrons from the system for magnesium and 3 for aluminium, the formation energy was at least 6 eV less than when using alternative integer charges of up to 4.
Defects considered here are isolated and neighbouring anti-sites, interstitials, split interstitials and the aluminium ring defect comprised of three aluminium interstitials and three aluminium vacancies. These defects were frequently observed in empirical potential based cascade simulations 1,2 . Formation energies for these point defects were considered in the standard way, as described for the simpler MgO system in our previous work 11 . This involves computing the total energy of a relaxed supercell containing the defect and the energy of a perfect supercell of the same quantity of atoms. The latter value is subtracted from the former value in order to compute the formation energy for the considered defect.
In addition to computing structures and energetics of these isolated point defects, clusters of such defects were also studied using the DFT methodology. Binding energies of clusters in a 224 atom cell were computed using the following equation,
where n is the number of atoms in the cell containing the cluster, m is the number of point defects comprising the cluster, E n cluster , E 224 i and E atom perf ect are energies of the cell containing the defect cluster, the cell containing one of the isolated defects and the energy per atom in a perfect cell. To ensure convergence of the binding energy as a function of system size, different values of n were chosen consistent with the ability to perform the calculations within a reasonable computing time.
DFT calculations were compared to empirical potential approximations which utilise a standard Buckingham potential 20 for interactions between atoms situated less than 8Å apart (this is given in Eq. 2, with V (r) representing the Coulomb potential). Interactions in the remainder of the system are modelled by the Coulomb interaction alone. The parameters A, C and ρ have been quoted in previous work by Smith et al. 1 .
The empirical potential uses a full fixed charge model with charges of +2, +3 and -2 on Mg, Al and O respectively. A Bader charge analysis using DFT gives values of 1.78, 2.56 and -1.73.
III. RESULTS
A common defect in spinel is the cation exchange known as an anti-site defect. The formation energies of pairs of isolated anti-sites were computed using three different supercell sizes. Table I shows the computed formation energies. From this it can be seen that the formation energy of the anti-site defect pair converges to approximately 0.64 eV. Neighbouring anti-sites were also considered so systems were created that contained pairs of anti-sites. The supercells used in these calculations were optimised to reduce the interaction between the actual defect and images produced by the periodic boundary conditions. Table II shows the formation energies for nearest neighbour anti-site defects ranging from first to fifth nearest neighbour. The DFT results presented are the values computed using the largest supercell size for each defect. Both methodologies predict an increase in formation energy as a function of increasing anti-site separation up to the 5th nearest neighbour. However, in the case of the empirical potential model the formation energy continues to increase monotonically whereas in the DFT case, the energy reduces slightly after the 5th nearest neighbour position. Due to the very small magnitude of these anti-site formation energies, convergence of the energies to a satisfactory degree is difficult to obtain using DFT and hinders a more accurate assessment. Calculations were not possible for 6th nearest neighbour positions due to the large cell size required. It can be seen that the empirical potentials overestimate the absolute value of the formation energies of interacting anti-site pairs by a value between 0.4 eV and 0.7 eV.
In addition to anti-site defects, isolated interstitial and vacancy defects 1,2 can also form following a collision cascade. Using the same DFT methodology, the structure and energetics of different interstitial defects have been studied. The structures in Fig. 1 show two different possible configurations of a system containing a magnesium interstitial atom. It is found using empirical potentials that the split interstitial structure shown in Fig. 1 (b) is the more favourable. This split-interstitial consists of magnesium interstitials sitting near two unoccupied octahedral lattice sites around a magnesium vacancy. Values of the displacements of the neighbouring atoms for both structures are displayed in Table III and are taken from the DFT simulation from a large 224 atom supercell. From the DFT results shown in Table III , it is clear that structure II induces the lesser strain into the lattice suggesting a more favourable bonding arrangement. The vacant octahedral sites can accommodate the Mg interstitials with only a small movement of the surrounding atoms. Under structural optimisation, both structures relax to split magnesium interstitials. For structure I, the (non-interstitial) magnesium atom F is displaced from its initial site a distance of 0.45Å towards the oxygen atom B, which is also displaced through a distance almost three times greater than that of the other surrounding oxygen atoms (atoms A and C). The magnesium interstitial remains on the octahedral site throughout the relaxation.
In the case of structure II, the magnesium atoms (atoms E and F) do not sit exactly in the octahedral structural vacancies but are attracted towards the vacant magnesium site. The relaxed position of the split interstitial places the atoms 2.45Å apart and, measuring from the magnesium vacancy, the angle between the two magnesium atoms is calculated to be 121.5
• . In comparison the empirical potential simulations predict the same separation of 2.45Å but an angle of 128.4
• . We also computed formation energies for these two defect structures carried out using a variety of different sizes of supercells. The results of these computations are displayed in Table IV . These defect formation energies were computed by combining the energies of structures I and II with the converged energy of a system containing an isolated magnesium vacancy. Table IV shows that the formation energy of structure II is approximately 6.6 -6.7 eV compared to a value of 7.6 eV for structure I. The formation energy of structure II is thus (≈ 13%) smaller than that of structure I. The empirical potentials also favour structure II but the formation energies are almost double those computed using DFT. There is also less relative difference between the two. Structure I was never observed in the cascade simulations using empirical potentials. It can also be seen from Table IV that that the 56 atom cell is too small to give accurate formation energies. This is also in agreement with the previous calculations concerning antisites shown in table I. The aluminium interstitials have also been investigated. A single aluminium interstitial atom placed on an octahedral site as shown in Fig. 2 (a) , produces a very high formation energy of over 9.7 eV. A more favourable structure is shown in Fig. 2 (b) , which consists of a magnesium-aluminium split interstitial around a magnesium vacancy. This is found to have a formation energy of approximately 8.4 -8.8 eV computed using DFT. In this calculation a corresponding isolated aluminium vacancy was combined with the aluminium interstitial structures when computing their formation energies. Empirical potentials again overestimate this value, predicting that the split interstitial defect has a formation energy of 13.9 eV using a model with shells (and 15.1 eV without shells). The difference in value between the formation energy of the Mg-Mg split interstitial and the Al-Mg split interstitial of around 2 eV suggests that the latter would likely decay into the Mg-Mg split together with a Al antisite defect although, using DFT, we have not calculated the transition energy barrier for this to happen or the formation energy of this combined cluster, due to the large cell size required to perform the calculation. However empirical potential simulations using temperature accelerated dynamics predict that this occurs with an energy barrier of 0.56 eV 3 , this explains why the Al-Mg split interstitial is rarely observed in classical MD simulations for this system. The ab-initio barrier height may disagree with the empirical potential barrier but from the results it is clear that both predicted the Mg-Mg split interstitial with an Al antisite defect to be preferable to the Al-Mg split interstitial. A variation of the magnesium-aluminium interstitial structure was also considered, in which the aluminium interstitial atom is situated on the magnesium site (forming an antisite) instead of on an octahedral site. DFT found the formation energy of this configuration to be 9.5 -9.6 eV thus having a higher formation energy than the structure shown in Fig. 2(b) . This is in agreement with the predictions obtained using empirical potential simulations. Isolated or split aluminium-aluminium interstitials were not found in empirical potential simulations and when carrying out the DFT computations for a split aluminium-aluminium di-interstitial, it was found that these have a large formation energy of 17.2 eV. Thus the empirical and DFT calculations are in agreement with the type of Al interstitial defect that forms if not with the exact values of the formation energy.
The final interstitial defect considered is that of oxygen. Forming an oxygen split-interstitial in a <110>-type direction over a vacant oxygen site is possible in several different configurations. It was found that only two of these are unique, due to the symmetry properties of the lattice. These structures have been reported previously in empirical potential simulations 3 . Two unique configurations are shown in Fig. 3 Computed formation energies are shown in expected to converge, with respect to supercell size, to values in the region of 9.4 -9.8 eV for configuration (b) and 8.9 -9.2 eV for the more favourable structure, configuration (a). Empirical potential simulations overestimate this energy, predicting a value for the more favourable oxygen split-interstitial structure as 11.0 and 12.5 eV for a model with and without shells respectively. However the geometry and relative stability of the two defect structures is the same with both DFT and the empirical potentials. Another type of Al interstitial defect has been observed in collision cascade simulations. This is the so-called 'ring' defect, comprising of three aluminium interstitial atoms, occupying what were tetrahedral structural vacancy sites, and three aluminium vacancies in a circular formation. Due to the complexity of the defect, the DFT calculations become more demanding as it is difficult to reduce interactions between the defect and its periodic repeats. Nevertheless formation energies were calculated for two cell sizes, containing 112 atom and a 224 atoms. The resulting energies were found to be 7.66 and 7.34 respectively. Empirical potential simulations estimated a formation energy of approximately 10.2 eV, thus overestimating the energy by 2.5-3 eV.
In addition to considering simple point defects, we have also computed energetics of clusters of these simple defects. The calculated binding energies for dimer defects and single vacancy or interstitial defects bound to oppositely charged anti-site defects are shown in Table VI . Each of these binding energies was calculated using DFT using four different sized supercells for each defect to ensure convergence. Energies converged to approximately 2 decimal places for the smallest clusters and it is the value from the largest supercell that is displayed. Larger trimer clusters require larger supercells to ensure full convergence, energies displayed for these clusters have used supercells containing at least 280 atoms. Interstitials, vacancies and anti-site defects are denoted using the simplified Kröger-Vink notation 22 . The results in Tables VI and VII show that for each vacancy/interstitial the trimer cluster has a higher binding energy than the dimer. Generally first neighbour defect structures are formed and third neighbour configurations are never
All of the binding energies are negative, thus implying that defects are more likely to occur in clusters than as isolated. The trend of favourability is the same for the empirical potential simulations as reported by Ball et al. 21 . Generally the model with shells gives better agreement with the DFT calculations than the model without shells which shows a significant overestimation of the binding energies compared to DFT.
Ball et al. 21 give a methodology for examining defect reactions and hence relative concentrations of defects as a function of temperature based on a series of mass action equations. We have used DFT to compute the same process energies that have previously been calculated by Ball et al. and these energies are presented in tables VI and VII. We have considered isolated defects along with dimer and trimer clusters. Larger clusters are unfeasible due to the large supercells that would be required to obtain convergence of formation energy.
These results indicate that in general, both methodologies predict the aluminium defects to have the highest energies, when compared to similar defects comprising of the other species. All results here show that the isolated defects have larger energies than the dimers or trimers, in fact, the trimers are the lowest energy defect for each species. Magnitudes of energies are 150 to 200% larger than DFT results when calculated using empirical potentials. The shell model produces the lower energies and so is more in line with DFT computations. DFT results predict that the Schottky trimer has the lowest energy of all non-isolated defects considered (with an energy of 2.77 eV), but empirical potential simulations indicate the lowest energy is that of oxygen trimer defects.
IV. CONCLUSIONS
A main goal of this work was to determine if the defects observed at the end of cascade simulations using classical potentials were also the lowest energy structures predicted by DFT. We undertook this task by performing a series of ab-initio computations using PLATO and compared our findings with results generated from empirical potential simulations. We compared predicted structures of key defects (anti-sites, interstitials, and split-interstitials) along with their energetics.
Both methodologies predicted a low formation energy for anti-site defects. Naturally occurring spinel has been shown to contain large numbers of these defects and thus it is no surprise that their formation energy is low. The empirical potential for spinel always gives higher formation energies than DFT. This is found to be true regardless of the separation distance between the two anti-sites comprising the pair. Anti-site formation energies increase as the pairs of anti-site atoms become more separated, with formation energies for first nearest neighbours of anti-sites showing the highest favourability of all considered pairs.
Two configurations of magnesium interstitial atoms (shown in Fig. 1 ) were studied using DFT. Both of these initial configurations, when relaxed, were found to form a split-interstitial around the vacant magnesium site. It was found that the lowest formation energy (of less than 6.7 eV) came from structure II, which might also be thought of as a representing a partial rocksalt-like transformation with magnesium atoms sitting near octahedral previously unoccupied sites. These are on opposite corners of a smaller cube which also comprises of oxygen atoms.
Aluminium interstitials were found to be unfavourable when configurations consisted of either isolated or split aluminium-aluminium interstitials (DFT computed formation energies of over 9.7 eV and 17.2 eV for each of these respectively). It was found that a split aluminium-magnesium interstitial had the more favourable structure with a formation energy of less than 8.8 eV. This is approximately 2 eV higher than the lowest formation energy of any magnesium split interstitial structure. Few aluminium interstitials were found in cascade simulations, but when they were, they formed either a magnesium-aluminium split interstitial or a more complicated ring defect, which comprised of three aluminium interstitials and three aluminium vacancies. We studied this ring defect using DFT and found the formation energy to be 7.34 eV. The empirical potential model predicts a formation energy of 10.2 eV.
Empirical potential simulations have previously indicated that a more favourable structure to a Mg-Al split interstitial is a {Al Mg : Mg i − V Mg − Mg i } cluster. Our work using DFT has verified that this cluster is expected to have a lower energy than the aforementioned Al-Mg split interstitial. This conclusion is reached by observing the formation energy of both the isolated anti-site and formation energy for the Mg-Mg split interstitial.
The general trend is that empirical potentials overestimate the formation energies computed using the ab-initio methodology, but correctly assess the relative favourability of defect structures. A possible reason for this might be that the Coulomb interactions using the full fixed charge model is too strong. Bader charge analysis indicates values that are 11-15 % less.
The magnitudes of binding energies of clustered defects were overestimated by up to 3-4 times with empirical potential simulations but, again, the order of favourability of the magnitudes is similar. Both methodologies agree that defects in clusters are preferable to their isolated counterparts. The implications for cascade simulations are that the larger binding energies predicted for the empirical potentials imply that the number of defects produced may well be underestimated compared to experiment.
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